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1 Introduction

The Platonic solids have been objects of interest to mankind for millennia. Each shape—five in
total—is made up of congruent regular polygonal faces: the tetrahedron (four triangular sides),
the cube (six square sides), the octahedron (eight triangular sides), the dodecahedron (twelve
pentagonal sides), and the icosahedron (twenty triangular sides). They are prevalent in everything
from Plato’s philosophy, where he equates them to the four classical elements and a fifth heavenly
aether, to middle schooler’s role playing games, where Platonic dice determine charisma levels and
who has to get the next refill of Mountain Dew.

Figure 1: The five Platonic solids (http://geomag.elementfx.com)

In this paper, we will examine the symmetry groups of these five solids, starting with the relatively
simple case of the tetrahedron and moving on to the more complex shapes. The rotational symmetry
groups of the solids share many similarities with permutation groups, and these relationships will
be shown to be an isomorphism that can then be exploited when discussing the Platonic solids.
The end goal is the most complex case: describing the symmetries of the icosahedron in terms
of A5, the group of all sixty even permutations in the permutation group of degree 5.

2 The Tetrahedron

Imagine a tetrahedral die, where each vertex is labeled 1, 2, 3, or 4. Two or three rolls of the die
will show that rotations can induce permutations of the vertices—a different number may land face
up on every throw, for example—but how many such rotations and permutations exist?

There are two main categories of rotation in a tetrahedron: r, those around an axis that runs from
a vertex of the solid to the centroid of the opposing face; and q, those around an axis that runs
from midpoint to midpoint of opposing edges (see Figure 2).
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Figure 2: The two types of rotation axis in a tetrahedron (Wikimedia Commons)

Each rotation r is through 2π
3 radians, and there are four possible axes from vertices to centroids,

while each rotation q is through π radians and around three possible axes. The axes associated
with r each provide two different rotations that preserve the tetrahedron yet permute the vertices
(through 2π

3 and 4π
3 ), which along with the one unique rotation associated with each q axis (that

of π radians) give eleven total permuting rotations in the symmetry group. The twelfth and
final rotation, around either axis and through 0 radians, is equally important—it leaves the solid
completely unchanged, and is thus the group’s identity element.i

2.1 Symmetric Groups, Alternating Groups, and Isomorphisms

Before venturing further, we must formalize the idea of permutations in a group structure. For a
set X of n elements, the group of all possible permutations of X’s elements is called the symmetric
group of degree n. Its order is n!. Each element in Sn reorders the elements of X according to
a specific and distinct permutation. Every permutation can be notated by writing all disjoint
rearrangements involved in consecutive groups of integers separated by parentheses.ii

Any permutation of the form (a1a2...am), where a1 becomes a2, a2 becomes a3, and so on until am
becomes a1 and the pattern repeats, is referred to as a cycle due to its cyclic nature. A cycle of
m elements is referred to as an m-cycle. Permutations have a sense of parity, which we define by
calling all odd-numbered cycles (such as a 3-cycle) even, and all even-numbered cycles odd.iii Of
important note is the fact that the product of two odd permutations is itself even.

iWe can check that this is, in fact, a group by confirming the defining axioms of groups: 1. consecutive rotations
are associative and the group is indeed closed under multiplication; 2. the identity is in the group (a rotation of
0 radians); and 3. the group is closed under inverses (i.e. the inverse of any rotation is another rotation in the
group—what happens, for example, when the tetrahedron is rotated by q twice?)

iiAn illustrative example: S4 contains any permutation of four elements {x1, x2, x3, x4}. A permutation which
sends x1 to x2, x2 to x3, x3 to x4, and x4 back to x1 would be written (1234). A permutation which sends x1 to x2,
x2 back to x1, x3 to x4, and x4 back to x3 would be written (12)(34). There are 4! = 24 such permutations.

iiiFor a discussion of why this convention is used, see: Armstrong, M. A. Groups and Symmetry (ch. 6, pp. 29).
Springer: New York, 1988.
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The subset of all even permutations within Sn forms the alternating group of degree n, which
we label An.iv There are exactly as many odd elements of Sn as even, so the order of An is n!

2 .v

Furthermore, the set of all 3-cycles contained in Sn can be combined to reconstruct every element in
An—that is, the 3-cycles generate An. We will revisit this important statement when we examine
the dodecahedron and icosahedron.

Returning to our tetrahedron and its labeled vertices, we can see that any rotation of the form r
will swap the locations of exactly three vertices of the tetrahedron. Any rotation of the form q
will change all four vertices, but do so in a very specific way—by swapping two pairs of vertices.
Including the identity, every possible rotation of the tetrahedron’s vertices is contained in the
following set of permutations:

e (12)(34) (13)(24) (14)(23)
(123) (124) (134) (234)
(132) (142) (143) (243)

This is exactly A4! Because of this similarity, we say the rotational symmetry group of the tetrahe-
dron and the alternating group of degree 4 are isomorphic to each other. Formally, a function ϕ is
an isomorphism between two groups G and H if every element in G can be mapped to a distinct
element in H, while preserving multiplication—that is, if the function is a bijection ϕ: G→ H and
also a homomorphism, so that for any two elements g in (G, ◦) and h in (H, ∗), the image of the
product equals the product of the images: ϕ(g ◦ h) = ϕ(g) ∗ ϕ(h).

We can see that the rotations of the tetrahedron are isomorphic to A4, since the mapping of rotations
onto permutations is a bijection (a one-to-one correspondence) and a homomorphism (the product
of rotations gives the same result as multiplying the matching vertex permutations). Thus, any
properties possessed by A4 are also possessed by the tetrahedron’s rotations. �

3 The Cube and the Octahedron

The cube, with two more faces and twice as many vertices and edges as the tetrahedron, has a
more complex symmetry, but describing it can be tackled in roughly the same way. There are three
unique rotational symmetry axes of the cube, and three associated types of rotation (see Figure 3):
r, a rotation of π

2 radians around an axis drawn through the centroid of opposing faces of the cube;
q, a rotation of π around an axis through the midpoints of diagonally opposite edges; and s, a
rotation of 2π

3 around an axis through diagonally opposite vertices.

There are three face-face axes, six edge-edge axes, and four vertex-vertex axes. As in the case of
the tetrahedron, we can count the instances of r, s, and q; they give, respectively, three rotations
of π

2 around three axes, one rotation of π around six axes, and two rotations of 2π
3 around four

axes, for a total of 24 rotations, including the identity. We might be tempted to posit that the
rotational symmetry group of a cube is isomorphic to a permutation group of order 24—i.e. S4. Is
this the case?

The cube has eight vertices, so labeling the vertices as we did in the case of the tetrahedron will not
be of much use in proving the symmetry is isomorphic to S4. Instead, let us label each of the four

ivNote that because the identity element is even, the subset of all odd permutations in Sn does not form a subgroup.
vFor a proof of this statement, see Armstrong pp. 29 – 30.
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Figure 3: The three types of rotation axes in a cube. (S. Winger)

main diagonals of the cube with a number 1 through 4. (In Figure 3, these diagonals would lie from
vertex to vertex along the axes used for rotations of the form s.) Rotation r will shift each diagonal
around the cube, resulting in the 4-cycle (1234); s will leave one and only one diagonal unchanged,
giving us a 3-cycle; and q will swap two diagonals, giving us a transposition such as (12). All the
pieces seem to be there—and, in fact, we know that the combination of the transposition (12) and
the 4-cycle (1234) generates S4.

vi

Call the rotational symmetry group of the cube G. By showing that rotations permute the diagonals
of the cube, we now have some mapping ϕ: G→ S4. In order to prove G and S4 are isomorphic, we
must prove ϕ is a bijection (multiplication is clearly preserved, as seen in the case of the tetrahedron,
and need not be proved again). Since G and S4 have the same number of elements, however, we
only need to prove that ϕ is a surjection—if two finite sets have the same number of elements, a
surjection between the two must be a bijection. We know that (1234) and (12) lie in the image of
G, and we know that the image of G must at minimum be a subgroup of S4, in keeping with our
mapping ϕ. But since (1234) and (12) generate S4, the image of G is the entirety of S4, and thus
every element in G can definitively be mapped to S4. This proves that ϕ is surjective and, hence,
that G and S4 are isomorphic. �

3.1 Dual Solids

We could repeat the proof for the octahedron, but this is needlessly tedious when we realize that the
cube and the octagon have identical symmetries—any rotation of the cube rotates the octahedron
is the same way (see Figure 4). This phenomenally convenient property means the cube and the
octahedron are what we refer to as dual solids. Calling the rotational symmetry group of the
octahedron H, the duality of G and H tells us that the two groups must be isomorphic to one
another.

viProof in Armstrong, pp. 28 – 29.
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Figure 4: Inscribing an octahedron in a cube shows the solids’ dual natures. (Wikimedia Commons)

There are then two isomorphisms at work here, first ϕ: G→ S4 and now ψ: H → G. By definition,
ϕψ: H → S4 is also an isomorphism, and our work for the octahedron is done. �

4 The Dodecahedron and the Icosahedron

The first step in tackling the complex symmetries of the dodecahedron and the icosahedron is to
realize that the symmetries of the two different polyhedrons are actually identical. Just like the
cube and octahedron, the dodecahedron and icosahedron are dual solids, and any rotation of one
produces the same result in the other (see Figure 5).

Figure 5: The dodecahedron and icosahedron’s dual symmetry. (http://www.mi.sanu.ac.rs)

With this is mind, we will examine the dodecahedron and use the results to reach the same conclu-
sions about the icosahedron. As in the case of the cube, there are three main categories of rotations
around three types of symmetry axes in the dodecahedron (see Figure 6): r, a rotation of 2π

5 radians
around an axis drawn through the centroid of opposing faces of the dodecahedronvii; q, a rotation
of π around an axis through the midpoints of diagonally opposite edges; and s, a rotation of 2π

3 or
4π
3 around an axis through diagonally opposite vertices.

viiRecall that each face of the dodecahedron is a pentagon.
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Figure 6: The three types of rotation axes in a dodecahedron. (S. Winger)

Counting these rotations gives us four rotations of form r around six different axes, one rotation of
form q around fifteen axes, and two rotations of form s around ten axes for a total of 59 rotations.
Adding the identity brings this number to 60. The permutation group that the symmetries of the
dodecahedron are isomorphic to must thus have order 60—as does the alternating group of degree
five (5!2 = 60). Let us prove that A5 is, in fact, the isomorphic group we are seeking.

Imagine a cube inscribed in our dodecahedron, as in Figure 7. The edge of the cube is a diagonal of
one of the dodecahedron’s pentagonal faces—and five such diagonals exist, so there are five possible
cubes that can be inscribed in the dodecahedron. Label them 1 through 5. Much like the rotations
of a cube permuted its main diagonals, every rotation of the dodecahedron swaps these inscribed
cubes with each other, represented by a permutation element in S5.

viii

Figure 7: One of fives possible cubes that can be inscribed in a dodecahedron. (http://oz.nthu.edu.tw)

Rotations around the dodecahedron’s vertex-vertex axes leave two cubes unmoved (though poten-
tially rotated): the cubes with a main diagonal along the axis of rotation. The other three cubes

viiiThis does not mean that the rotations of a dodecahedron are represented by entirety of S5—remember there are
only 60 possible rotations, and the order of S5 is 5! = 120.
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are all permuted with each other, switching positions inside the dodecahedron. This implies that
rotations of this form, which change only three inscribed cubes at a time, can be represented by
3-cycles in S5. If we recall that there are exactly twenty vertex-vertex rotations in the dodecahedron
(around 2π

3 and 4π
3 for ten different axes) and note that there are

(
5
3

)
= 20 distinct 3-cycles in S5,

we can see that the rotations of the dodecahredon create every 3-cycle in S5.

Recall the statement from Section 2.1 that the 3-cycles in Sn generate An. Since the rotations of
the dodecahedron produce all of the 3-cycles in S5, proving the general statement that the 3-cycles
generate An will complete our discussion of the dodecahedron’s symmetry, showing its rotational
symmetry group is isomorphic to A5, just as the rotations of the cube are isomorphic to S4. So
why is this statement about the dodecahedron true?

We know Sn is generated by all of its transpositions of two elements.ix We can go one step further
and claim that Sn is generated by all the transpositions of the form (12), (13), ..., (1n) since for
any transposition (ab), (1a)(1b)(1a) = (ab). Thus, any element in An can also be expressed as a
product of transpositions of the form (1k), where 1 < k ≤ n. Since transpositions are odd and
all of the elements of An are even, every element in An must be a product of an even number of
transpositions. We can then group the transpositions that make up every element of An into pairs
and combine these pairs into 3-cycles since (1a)(1b) = (1ba). Every element in An is now expressed
as a product of 3-cycles—or, in other words, the 3-cycles generate An. �

5 Epilogue: Mighty ’Morphic Doppelgängers

Using the properties of groups and isomorphisms, we have successfully reduced the complex symme-
tries of the Platonic solids to a study of simple permutation groups. Our results can be summarized
as follows:

• The tetrahedron is isomorphic to A4.

• The cube and the octahedron are dual solids isomorphic to S4.

• The dodecahedron and the icosahedron are dual solids isomorphic to A5.

While the rotations of complex three dimensional solids can be difficult to visualize, the permutation
groups that these rotations mirror are very intuitive to understand. The isomorphisms we have
constructed here are very useful tools for talking about and conceptualizing the rotations of the
Platonic solids, some of the most symmetrically elegant solids in existence. Plato theorized that
these solids were the foundation of all matter in the universe—so pat yourself on the back for a job
well done unlocking all the mysteries of the cosmos.

�

ixSince any element in Sn is a product of cycles, and any cycle can be rewritten as a product of transpositions.


